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We calculate the Casimir force and its gradient between a spherical and a planar gold surface.
Significant numerical improvements allow us to extend the range of accessible parameters into the
experimental regime. We compare our numerically exact results with those obtained within the
proximity force approximation (PFA) employed in the analysis of all Casimir force experiments
reported in the literature so far. Special attention is paid to the difference between the Drude
model and the dissipationless plasma model at zero frequency. It is found that the correction to
PFA is too small to explain the discrepancy between the experimental data and the PFA result
based on the Drude model. However, it turns out that for the plasma model, the corrections
to PFA lie well outside the experimental bound obtained by probing the variation of the force
gradient with the sphere radius [D. E. Krause et al., Phys. Rev. Lett. 98, 050403 (2007)]. The
corresponding corrections based on the Drude model are significantly smaller but still in violation
of the experimental bound for small distances between plane and sphere.
The last decades have witnessed a surge in precise mea-
surements of the Casimir interaction [1–4]. Instead of
the theoretical paradigm of two parallel metallic plates
[5], most experiments adopt the plane-sphere geometry
to avoid misalignment. This geometry is in principle
amenable to an exact description by the scattering ap-
proach [6–8]. The Casimir interaction energy was calcu-
lated in the plane-sphere geometry at zero temperature
for perfect [9, 10] and real metals [11], as well as for fi-
nite temperatures [12, 13] and in the high-temperature
limit [14–16]. In spite of those recent theoretical devel-
opments, the analysis of the plane-sphere experiments to
this date has relied exclusively on the heuristic proxim-
ity force approximation (PFA), also known as Derjaguin
approximation [17].
Experimentally a measurable force signal requires the
radius R of the sphere to be much larger than the separa-
tion L between sphere and plane, cf. Fig. 1a. For probing
distances in the micrometer range, coated macroscopic
lenses with radii of more than 10 cm leading to aspect
ratios R/L ∼ 105 were used [18, 19]. In experiments
exploring the Casimir interaction in the sub-micrometer
regime smaller aspect ratios of R/L ∼ 103 were realized
[20–25]. However, up to now these aspect ratios were out
of reach for numerically exact computations. Within the
scattering approach, the required number of multipoles
scales like R/L. In practice, the number of multipoles
so far was limited to ` ∼ 500 allowing for aspect ratios
of R/L ∼ 100 [26]. Such calculations are capable of ad-
dressing recently proposed experiments based on optical
tweezers as a tool for probing femtonewton Casimir forces
well outside the validity of PFA [27], but are not suited
for describing typical Casimir force experiments.
In this letter, we significantly extend the range of nu-
merically accessible aspect ratios to values of R/L ∼ 103
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FIG. 1: (a) Sphere of radius R separated from the plane by a
distance L. (b) Frequency dependence of the permittivity of
gold used in the numerical calculations. The vertical solid line
indicates the first Matsubara frequency ξ1 while the dotted
line indicates the plasma frequency ωP .
and report on results for the Casimir force and force gra-
dient. We take the parameters corresponding to the ex-
periments in Refs. 20–23 with gold surfaces at room tem-
perature, but our approach also opens the way to calcu-
late exact results for a variety of recent experiments with
similar aspect ratios and different materials like magnetic
materials [24] and layered surfaces [25]. The key ingredi-
ents allowing us to treat experimentally relevant aspect
ratios are a new symmetrical representation of the round-
trip scattering operator and a state-of-the-art algorithm
for evaluating determinants of hierarchical matrices.
Although PFA is expected to provide the correct lead-
ing divergence in the limit R/L → ∞, the magnitude
of the correction to PFA under real experimental condi-
tions was not known until now. In Ref. 20, the force
gradient variation with R was probed experimentally,
and an upper bound for the correction was derived. On
the theoretical side, recent advances were based either
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2on asymptotic expansions valid in the particular case
of perfect reflectors at zero temperature [28] or on the
derivative expansion approach [29–31]. The latter re-
lies on a re-summation of the perturbative expansion
around the planar geometry. Its application to compact
objects like the sphere thus relies on the assumption that
only the lower hemisphere contributes when R/L  1
[32]. Moreover, the derivative expansion requires analyt-
icity of the perturbative kernel, a condition not met for
the zero-frequency contribution when taking the plasma
model [33].
None of these approaches allow for a direct compari-
son with the experimental bound derived in Ref. 20, since
they provide only the leading-order correction to the PFA
result. In fact, the next-to-leading-order correction might
be comparable to the leading-order one for typical exper-
imental aspect ratios R/L ∼ 103, as for instance in the
case of Drude metals at high temperatures [15]. A re-
cent proposal combines the leading-order correction for
the positive Matsubara frequencies and the exact result
for the zero frequency contribution in the case of Drude
metals [34]. However, no such result is available for the
plasma model. Here, we present exact numerical results
for the force and the force gradient taking the parameters
of [20] and either the Drude or plasma prescriptions for
the Matsubara zero-frequency contribution. Both pre-
scriptions violate the experimental bound for the correc-
tion to the force gradient at sphere-plane distances below
400 nm, but the corrections for the Drude prescription are
significantly smaller.
In the scattering approach the Casimir interaction free
energy is given by [6, 7]
F = kBT
2
∞∑
n=−∞
log det [1−M(|ξn|)] , (1)
where M(ξ) denotes the round-trip operator at imagi-
nary frequency ξ and the Matsubara frequencies ξn =
2pinkBT/~ are proportional to the temperature T . For
reasons explained below and in contrast to the common
choice, we adopt a symmetrized form of the round-trip
operator
M(ξ) =
√
RSe−K(L+R)RP e−K(L+R)
√
RS . (2)
The reflection operator at the plane RP is diagonal in
the plane-wave basis. Its matrix elements are given
by the Fresnel coefficients rp(k, iξ), where the polariza-
tion p can either be transverse magnetic (TM) or trans-
verse electric (TE), and k denotes the projection of the
wave vector onto the plane. The translation operator
exp [−K(L+R)] covers the distance between the plane
and the center of the sphere along the z-direction, cf.
Fig. 1a. K is diagonal in the plane-wave basis as well,
with matrix elements
√
k2 + ξ2/c2. Finally, the reflection
operator RS is diagonal in the multipole basis with ma-
trix elements given by the Mie coefficients a`(iξ), b`(iξ)
[35].
Our particular choice (2) for the round-trip operator
M is a key ingredient to push the numerics into the ex-
perimentally accessible parameter range. First, it avoids
ill-conditioned matrices with elements differing by more
than hundred orders of magnitude that render a fast and
stable evaluation of the free energy (1) difficult [26]. In
fact, numerical tests suggest that with the round-trip op-
erator of the form (2), 1 −M becomes diagonally dom-
inant. Second, it turns out that the matrix M can be
hierarchically factored. This means that although the
matrix is not sparse, it can be efficiently approximated
by considering only a subset of all matrix elements. The
error caused by this approximation can be made negligi-
bly small. We efficiently compute the determinants using
the implementation [36] of an algorithm designed for hier-
archical off-diagonal low-rank matrices [37]. Another key
ingredient is a fast computation of Legendre polynomi-
als P`(z) [38] to efficiently evaluate associated Legendre
functions Pm` (z) arising in the change between multipole
and plane-wave basis. These numerical improvements al-
low us to calculate the plane-sphere Casimir energy up
to aspect ratios R/L ∼ 4 · 103 requiring multipole orders
` ∼ 2 · 104.
While the details of our numerical approach will be
discussed elsewhere [39], it is worth pointing out checks
supporting the validity of our results. We have found
agreement with the exact analytical result for the Drude
model in the high-temperature limit [15] and the leading
correction to PFA for perfect reflectors at T = 0 [28,
30]. Finally, for the Drude prescription our results shown
below in Fig. 2b are consistent with those obtained from
the derivative expansion [31].
Here, we will focus on gold surfaces [20–23] at room
temperature T = 295 K. The permittivity of gold at
imaginary frequencies entering the reflection coefficients
can be derived from tabulated optical data [40] as ex-
plained in Ref. 41. As shown in Fig. 1b, the frequency
range covered by this procedure includes all required
Matsubara frequencies except for n = 0.
For the treatment of the zero-frequency contribution,
two models have been used in the analysis of experi-
ments, the Drude model and the plasma model. Since
for n = 0 no polarization mixing occurs [42], TM and
TE modes contribute independently. The TM mode for
both models is perfectly reflected by plane and sphere,
and thus its contribution to the Casimir free energy only
depends on R/L. In contrast, the contribution for the
TE mode depends on the model chosen. While for the
Drude model no contribution arises [43], the contribution
for the plasma model is non-vanishing and also depends
on the plasma frequency ωP [14].
It has been argued that even in the plasma model the
TE mode does not contribute to the Casimir free energy
[44]. Nevertheless, for a number of experiments agree-
ment of the results with the plasma prescription just in-
troduced was found [21–25]. In few cases experimental
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FIG. 2: Beyond-PFA corrections to (a) the force and (b) the
force gradient are shown as function of the distance between
sphere and plane. We multiply the correction by the aspect
ratio R/L. The upper three and lower three lines refer to the
Drude (D) and plasma (P) prescription, respectively. The
dashed horizontal lines indicate the results for perfect reflec-
tors at zero temperature, corresponding to the constant co-
efficients βPRT=0 and β
′PR
T=0 for the force and force gradient,
respectively, as defined in the text. In the lower panel, the
grey area marks the parameter range for the force gradient
excluded experimentally at the 95% confidence level [20].
support for the Drude prescription was claimed [19, 45],
but also questioned [46]. All in all, there is no agree-
ment yet on how the zero-frequency contribution should
be accounted for.
For gold, we find from the optical data the plasma fre-
quency ωP = 9 eV which differs slightly from the value
ωP = 8.9 eV used to analyze the experiment in Ref. 21.
For the zero-frequency contribution in the Drude case, we
use the analytical result derived with the help of bispher-
ical coordinates [15] instead of performing a numerical
evaluation.
We calculate the Casimir force F = −∂F/∂L and com-
pare the results with the proximity force approximation
FPFA = 2piRFPP(L)/A, where FPP(L)/A is the Casimir
free energy per unit area for parallel plates at a distance
L. Within the derivative expansion approach, the leading
correction to PFA is of the form
F
FPFA
− 1 = β(L)L
R
+ . . . , (3)
with the coefficient β(L) independent of R [29]. The sub-
leading corrections might contain logarithmic terms, as
for instance in the case of high temperatures [15]. For the
special case of perfect reflectors and zero temperature,
the coefficient β is independent of L and given by βPRT=0 =
1/6− 10/pi2 ≈ −0.847 [28, 30].
In order to test (3) and obtain a numerical approx-
imation for β(L), we plot in Fig. 2a the variation of
(R/L)(F/FPFA − 1) with the distance L for radii R =
10, 40, and 151.3µm. The upper three curves corre-
spond to the Drude prescription (D) while the lower three
curves correspond to the plasma prescription (P). The
dashed line indicates the value of βPRT=0. According to
(3), the correction to the force scaled with R/L should
approach β(L) and be independent of R for sufficiently
small values of L/R. This is indeed the case when con-
sidering the Drude prescription for L . 400 nm and the
sphere radii shown in Fig. 2. As the distance increases,
the curves representing different radii start to deviate
from each other. This behavior can be associated with
the contribution of sub-leading corrections, which be-
come comparatively more important as L increases. At a
fixed temperature, larger distances result in an increase of
the relative contribution of the zero Matsubara frequency
[15], for which the sub-leading correction is comparable
to the leading one for the parameters represented in the
figure.
On the other hand, when taking the plasma prescrip-
tion for the zero-frequency contribution, the curves cor-
responding to different values of R, shown in the lower
part of Fig. 2a, are well separated from each other, in-
dicating that the correction to PFA is not of the form
(3) in this case. The contributions from the Matsubara
frequencies with n 6= 0 are exactly the same for the two
models. Hence the difference shown in Fig. 2a is entirely
due to the TE zero-frequency contribution present in the
plasma prescription but not in the Drude prescription.
The zero-frequency contribution becomes relatively
more important as L increases, separating the plasma
curves from each other and from the Drude curve. The
derivative expansion approach fails in the plasma model
at finite temperatures precisely because of the non-
analytical nature of the perturbative kernel correspond-
ing to the TE zero-frequency contribution [33], thus re-
sulting in the structure shown in the lower part of Fig. 2a.
We also remark that in contrast to what is frequently be-
lieved, the case of perfect reflectors at zero temperature,
indicated by the horizontal dashed line in Fig. 2a, does
not provide an upper bound for the magnitude of the
force correction for L & 100 nm due to the contribution
of the TE zero-frequency mode in the plasma model.
The magnitude of the correction to PFA was experi-
mentally investigated in Ref. 20. The Casimir force gra-
dient F ′ = −∂2F/∂L2 was measured for different sphere
radii, and a linear dependence with 1/R similar to (3)
4was proposed
F ′
F ′PFA
− 1 = β′(L) L
R
+ . . . . (4)
While the authors of [20] were unable to measure the cor-
rection term, they nonetheless derived the upper bound
|β′(L)| < 0.4 at the 95% confidence level for L in the
interval between 150 and 300 nm. In Fig. 2b, we plot
the variation of (R/L)(F ′/F ′PFA − 1) with the distance
L for the same values of R used in Fig. 2a. This
quantity provides an approximation for the coefficient
β′(L) as long as the results are independent of R. The
shaded area represents values for the correction excluded
by the experiment [20] while the dashed line indicates
the correction for perfect reflectors at T = 0 given by
β′PRT=0 = (2/3)β
PR
T=0 ≈ −0.564 [28, 30].
For L . 400 nm the Drude as well as the plasma
prescription violate the experimental bound, although
the maximum violation for the Drude prescription at
L ≈ 150 nm corresponding to β′ ≈ −0.46 is significantly
smaller than the violation found for the plasma prescrip-
tion. Note, however, that the plasma and Drude curves
get closer to each other as the distance decreases below
200 nm, as expected in the low temperature regime, with
the zero frequency providing a relatively smaller contri-
bution.
As in the discussion of the correction to the force,
the results for different radii shown in Fig. 2b are very
close to each other and to the results obtained within
the derivative expansion approach [31, 34] when taking
the Drude prescription. In this case, our results show
that sub-leading corrections are negligible for the exper-
imental conditions of Refs. 20–23, which correspond to
aspect ratios in the range R/L ∼ 102 − 103. As a conse-
quence, the corrections can be directly obtained within
the derivative expansion approach [31, 34]. However, for
the plasma prescription the derivative expansion clearly
underestimates the correction, particularly for the largest
radius shown in Fig. 2b, and the leading order correction
is not proportional to 1/R.
In order to better understand the dependence on the
sphere radius, we plot in Figs. 3a and 3c the force and
force gradient corrections, respectively, as function of
1/R. For the plasma prescription, the force correc-
tions are typically close to or above the percent level
for the conditions of the experiment [23] where 1/R =
0.0242µm−1. More importantly for this experiment, the
corrections to the force gradient are typically below 1%
for sub-micrometer distances. In Figs. 3b and 3d the
corrections to the force and force gradient, respectively,
are scaled by R/L. While for the Drude prescription the
data follow rather closely a 1/R dependence, the results
for the plasma prescription indicate a more singular ap-
proach to the PFA limit as 1/R→ 0.
In conclusion, we have shown that the Drude pre-
scription for the Matsubara zero-frequency contribution
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FIG. 3: Beyond-PFA corrections to the (a,b) force and (c,d)
force gradient are shown as function of the inverse sphere
radius. While in panels (a) and (c) the relative corrections are
displayed, the data in panels (b) and (d) have been scaled by
R/L. The sphere-plane distances are L = 200 nm (◦), 400 nm
(), and 600 nm (4). Solid lines with open symbols refer to
the Drude prescription while dashed lines with filled symbols
refer to the plasma prescription.
leads to a weaker violation of the upper bound for the
PFA correction derived experimentally by measuring the
force gradient for different radii [20] than the dissipa-
tionless plasma prescription. This could have been ex-
pected, since dissipation is present in the gold coat-
ings used in the experiments. However, all experiments
performed with coated microspheres with aspect ratios
R/L ∼ 102 − 103 agree with the plasma prescription but
not with the Drude prescription when the force variation
with distance is analyzed for a given radius [21–25]. The
proximity force approximation combined with the Drude
prescription underestimates the experimental data for
nonmagnetic materials, so that the correction calculated
here brings the Drude prediction even further away from
the experimental results. When taking the plasma pre-
scription, the magnitude of the correction is significantly
larger than predicted experimentally but still too small
to degrade the quality of the comparison between the
experimental data and the theory based on the plasma
prescription. The theoretical results presented here, tak-
ing the sphere curvature fully into account, indicate that
experiments probing the Casimir interaction beyond the
PFA regime could provide new insight into the role of
dissipation in Casimir physics.
We thank A. Canaguier-Durand, R. Gue´rout, A. Lam-
5brecht, S. Reynaud, G. Bimonte, and F. D. Mazzitelli for
discussions, and D. Dalvit for providing numerical data
for the permittivity of gold along the imaginary frequency
axis. We acknowledge support from CAPES and DAAD
through the PROBRAL collaboration program. PAMN
also thanks CNPq and FAPERJ for partial financial sup-
port.
[1] M. Bordag, G. L. Klimchitskaya, U. Mohideen, and V. M.
Mostepanenko, Advances in the Casimir Effect (Oxford
University Press, New York, 2009).
[2] G. L. Klimchitskaya, U. Mohideen, and V. M. Mostepa-
nenko, The Casimir force between real materials: Exper-
iment and theory, Rev. Mod. Phys. 81, 1827 (2009).
[3] R. Decca, V. Aksyuk, and D. Lo´pez, Casimir Force in
Micro and Nano Electro Mechanical Systems, Lect. Notes
Phys. 834, 287 (2011).
[4] S. K. Lamoreaux, Progress in Experimental Measure-
ments of the Surface–Surface Casimir Force: Electro-
static Calibrations and Limitations to Accuracy, Lect.
Notes Phys. 834, 219 (2011).
[5] H. B. G. Casimir, On the attraction between two per-
fectly conducting plates, Proc. K. Ned. Akad. Wet. 51,
793 (1948).
[6] A. Lambrecht, P. A. Maia Neto, and S. Reynaud, The
Casimir effect within scattering theory, New J. Phys. 8,
243 (2006).
[7] T. Emig, N. Graham, R. L. Jaffe, and M. Kardar, Casimir
Forces between Arbitrary Compact Objects, Phys. Rev.
Lett. 99, 170403 (2007).
[8] S. J. Rahi, T. Emig, N. Graham, R. L. Jaffe, and M.
Kardar, Scattering theory approach to electrodynamic
Casimir forces, Phys. Rev. D 80, 085021 (2009).
[9] P. A. Maia Neto, A. Lambrecht, and S. Reynaud, Casimir
energy between a plane and a sphere in electromagnetic
vacuum, Phys. Rev. A 78, 012115 (2008).
[10] T. Emig, Fluctuation-induced quantum interactions be-
tween compact objects and a plane mirror, J. Stat. Mech.:
Theory Exp. P04007 (2008).
[11] A. Canaguier-Durand, P. A. Maia Neto, I. Cavero-Pelaez,
A. Lambrecht, and S. Reynaud, Casimir Interaction be-
tween Plane and Spherical Metallic Surfaces, Phys. Rev.
Lett. 102, 230404 (2009).
[12] A. Canaguier-Durand, P. A. Maia Neto, A. Lambrecht,
and S. Reynaud, Thermal Casimir Effect in the Plane-
Sphere Geometry, Phys. Rev. Lett. 104, 040403 (2010).
[13] A. Canaguier-Durand, P. A. Maia Neto, A. Lambrecht,
and S. Reynaud, Thermal Casimir effect for Drude metals
in the plane-sphere geometry, Phys. Rev. A 82, 012511
(2010).
[14] A. Canaguier-Durand, G.-L. Ingold, M.-T. Jaekel, A.
Lambrecht, P. A. Maia Neto, and S. Reynaud, Classical
Casimir interaction in the plane-sphere geometry, Phys.
Rev. A 85, 052501 (2012).
[15] G. Bimonte and T. Emig, Exact Results for Classical
Casimir Interactions: Dirichlet and Drude Model in the
Sphere-Sphere and Sphere-Plane Geometry, Phys. Rev.
Lett. 109, 160403 (2012).
[16] G. Bimonte, Classical Casimir interaction of a perfectly
conducting sphere and plate, Phys. Rev. D 95, 065004
(2017).
[17] J. N. Israelachvili, Intermolecular and Surface Forces
(Academic Press, London, 1991).
[18] S. K. Lamoreaux, Demonstration of the Casimir Force in
the 0.6 to 6µm Range, Phys. Rev. Lett. 78, 5 (1997).
[19] A. O. Sushkov, W. J. Kim, D. A. R. Dalvit, and S. K.
Lamoreaux, Observation of the thermal Casimir force,
Nat. Phys. 7, 230 (2011).
[20] D. E. Krause, R. S. Decca, D. Lo´pez, and E. Fischbach,
Experimental Investigation of the Casimir Force beyond
the Proximity-Force Approximation, Phys. Rev. Lett. 98,
050403 (2007).
[21] R. S. Decca, D. Lo´pez, E. Fischbach, G. L. Klimchit-
skaya, D. E. Krause, and V. M. Mostepanenko, Tests of
new physics from precise measurements of the Casimir
pressure between two gold-coated plates, Phys. Rev. D
75, 077101 (2007).
[22] R. S. Decca, D. Lo´pez, E. Fischbach, G. L. Klim-
chitskaya, D. E. Krause, and V. M. Mostepanenko,
Novel constraints on light elementary particles and extra-
dimensional physics from the Casimir effect, Eur. Phys.
J. C 51, 963 (2007).
[23] C.-C. Chang, A. A. Banishev, R. Castillo-Garza, G. L.
Klimchitskaya, V. M. Mostepanenko, and U. Mohideen,
Gradient of the Casimir force between Au surfaces of a
sphere and a plate measured using an atomic force mi-
croscope in a frequency-shift technique, Phys. Rev. B 85,
165443 (2012).
[24] A. A. Banishev, G. L. Klimchitskaya, V. M. Mostepa-
nenko, and U. Mohideen, Demonstration of the Casimir
Force between Ferromagnetic Surfaces of a Ni-Coated
Sphere and a Ni-Coated Plate, Phys. Rev. Lett. 110,
137401 (2013).
[25] G. Bimonte, D. Lo´pez, and R. S. Decca, Isoelectronic
determination of the thermal Casimir force, Phys. Rev.
B 93, 184434 (2016).
[26] A. Canaguier-Durand, Multipolar scattering expansion
for the Casimir effect in the sphere-plane geometry, PhD
thesis (Universite´ Pierre et Marie Curie, 2011).
[27] D. S. Ether jr. et al., Probing the Casimir force with
optical tweezers, EPL 112, 44001 (2015).
[28] L. P. Teo, M. Bordag, and V. Nikolaev, Corrections be-
yond the proximity force approximation, Phys. Rev. D
84, 125037 (2011).
[29] C. D. Fosco, F. C. Lombardo, and F. D. Mazzitelli, Prox-
imity force approximation for the Casimir energy as a
derivative expansion, Phys. Rev. D 84, 105031 (2011).
[30] G. Bimonte, T. Emig, R. L. Jaffe, and M. Kardar,
Casimir forces beyond the proximity approximation, EPL
97, 50001 (2012).
[31] G. Bimonte, T. Emig, and M. Kardar, Material depen-
dence of Casimir forces: gradient expansion beyond prox-
imity, Appl. Phys. Lett. 100, 074110 (2012).
[32] C. D. Fosco, F. C. Lombardo, and F. D. Mazzitelli,
Derivative-expansion approach to the interaction be-
tween close surfaces, Phys. Rev. A 89, 062120 (2014).
[33] C. D. Fosco, F. C. Lombardo, and F. D. Mazzitelli,
Derivative expansion for the electromagnetic Casimir free
energy at high temperatures, Phys. Rev. D 92, 125007
(2015).
[34] G. Bimonte, Going beyond PFA: a precise formula
for the sphere-plate Casimir force, to appear in EPL
(arxiv:1705.04474).
6[35] F. C. Bohren and D. R. Huffman, Absorption and Scatter-
ing of Light by Small Particles (Wiley, New York, 1983),
ch. 4.
[36] S. Ambikasaran, A fast direct solver for dense linear sys-
tems, https://github.com/sivaramambikasaran/HODLR
(2013).
[37] S. Ambikasaran and E. Darve, An O(N logN) Fast Di-
rect Solver for Partial Hierarchically Semi-Separable Ma-
trices, J. Sci. Comput. 57, 477 (2013).
[38] I. Bogaert, B. Michiels, and J. Fostier, O(1) Computation
of Legendre Polynomials and Gauss–Legendre Nodes and
Weights for Parallel Computing, SIAM J. Sci. Comput.
34, C83 (2012).
[39] M. Hartmann and G.-L. Ingold (unpublished).
[40] Handbook of Optical Constants of Solids, ed. by E. Palik
(Academic Press, New York, 1998), Vol. I.
[41] A. Lambrecht and S. Reynaud, Casimir force between
metallic mirrors, Eur. Phys. J. D 8, 309 (2000).
[42] S. Umrath, M. Hartmann, G.-L. Ingold, and P. A. Maia
Neto, Disentangling geometric and dissipative origins of
negative Casimir entropies, Phys. Rev. E 92, 042125
(2015).
[43] M. Bostro¨m and B. E. Sernelius, Thermal Effects on the
Casimir Force in the 0.15µm Range, Phys. Rev. Lett. 84,
4757 (2000).
[44] R. Gue´rout, A. Lambrecht, K. A. Milton, and S. Rey-
naud, Derivation of the Lifshitz-Matsubara sum formula
for the Casimir pressure between metallic plane mirrors,
Phys. Rev. E 90, 042125 (2014).
[45] D. Garcia-Sanchez, K. Y. Fong, H. Bhaskaran, S. Lam-
oreaux, and H. X. Tang, Casimir Force and In Situ Sur-
face Potential Measurements on Nanomembranes, Phys.
Rev. Lett. 109, 027202 (2012).
[46] M. Bordag, G. L. Klimchitskaya, and V. M. Mostepa-
nenko, Comment on “Casimir Force and In Situ Sur-
face Potential Measurements on Nanomembranes”, Phys.
Rev. Lett. 109, 199701 (2012).
